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Deng, McCann and Yan Structured Products and the Mischief of Self-Indexing Investment banks acting as issuers as well as underwriters created ever more complex payoff structures late last decade. Capped and leveraged dual directional and autocallable structured products are examples of payoff structures grown so complicated that they lost readily apparent investment meaning. 6 The complexity of these notes made regulatory oversight more difficult and allowed investment banks to sell structured products with very low issue date values. Since April 2012, the SEC partially ameliorated the problem of low-value structured products by requiring prominent disclosure of issue date fair values.
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As part of their evolution, investment banks became index providers as well as underwriters and issuers of structured products late last decade. Rather than using indexes from Standard and Poor's and other independent index providers, investment banks began to "selfindex". As we show in what follows, issuing and underwriting structured products linked to proprietary indexes has led investment banks to mischief. Costs which had previously been built into payoff structures based on indexes which did not contain trading costs or disclosed as annual deductions from third party index returns were now being built into the index construction where they were much harder for investors and regulators to identify and quantify. We illustrate the problems with self-indexing structured products with proprietary volatility indexes from Bank of America and JP Morgan.
In the past year, regulators have brought enforcement actions related to structured products linked to proprietary indexes. In October 2015, the Securities and Exchange
Commission ("SEC) settled charges against UBS over its V10 Currency Index finding that UBS did not disclose that it was applying bid-ask spread trading costs when rebalancing the currencies in its proprietary index. 8 In June 2016, the SEC and FINRA reached settlements with Merrill Lynch over structured products linked to Bank of America's proprietary VOL Index finding that 6 See for example Credit Suisse's 2012 Absolute Return Barrier Securities at www.sec.gov/Archives/edgar/data/1053092/000095010312004245/dp32342_424b2-u696.htm. 7 https://www.sec.gov/divisions/corpfin/guidance/structurednote0412.htm. 8 The SEC press release announcing the UBS V10 Currency Index settlement is available at www.sec.gov/news/pressrelease/2015-238.html and its Order Instituting Proceedings is available at https://www.sec.gov/litigation/admin/2015/33-9961.pdf.
hypothetical trading costs in the calculation of the VOL Index returns and therefore the returns on the linked structured products was inadequately disclosed. 9
VIX FUTURES, INDEXES AND STRUCTURED PRODUCTS
The Chicago Board Options Exchange (CBOE) first published the Volatility Index (VIX) in the early 1990s and, in 2003, reformulated it as a weighted average of S&P 500 options prices across a range of strike prices and with between 9 and 60 days to expiration. 10 In 2014, the CBOE began using SPX Weeklys SM options to narrow the range of option expirations used in the calculation of the VIX to between 23 and 37 days.
The correlation between weekly changes in the VIX and weekly changes in the S&P 500 over the period from January 1, 1990 to June 30, 2016 was -0.72. The negative correlation has led some to argue that investors could hedge stock portfolios with VIX-related derivatives.
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Since the VIX itself is simply a calculated index value and is not directly investable, investors gain exposure to the VIX, and therefore any potential hedging benefit, through derivatives contracts (i.e. futures and options) whose payoffs depend on future realized values of the VIX.
The CBOE began trading future contracts based on the VIX on March 26, 2004. The CBOE maintains a set of futures contracts on the VIX expiring each month for the next nine months plus five contracts expiring quarterly in February, May, August and November spanning up to 15 months in the future. VIX futures contracts settle on a Wednesday thirty days prior to the third Friday of the following month. The contract closest to expiration is referred to as the first-month contract, and later expiring contracts in sequence are second-month contract, thirdmonth contract and so on. VIX futures prices typically increase with the remaining time to expiration. That is, it is common for contract prices to drop over time as they mature unless the whole term structure is shifting up.
The S&P 500 VIX Short-Term Futures Total Returns Index (SPVXSTR) reflects the daily returns to a fully collateralized long position in short term VIX futures contracts with interest accrual based on 91-day US Treasury rate. The daily return of the index is based on the 9 The SEC press release announcing the Bank of America VOL Index settlement is available at www.sec.gov/news/pressrelease/2016-129.html and its Order Instituting Proceedings is available at www.sec.gov/litigation/admin/2016/33-10103.pdf. The companion FINRA settlement press release is available at www.finra.org/newsroom/2016/finra-fines-merrill-lynch-5-million-related-return-notes-sales and AWC is available at www.finra.org/sites/default/files/Merrill_AWC_062316.pdf. 10 See Carr and Wu (2006) for an explanation of the old and new VIX calculations. 11 See Deng, McCann and Wang (2012) for a discussion of VIX ETPs as a hedge for stock portfolios.
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Deng, McCann and Yan Structured Products and the Mischief of Self-Indexing weighted average returns of the first-month and the second-month VIX futures contract. The weights on the two contracts are adjusted daily such that the weighted maturity of the included contracts is one month. Throughout each roll-over period, first-month VIX futures contracts are gradually replaced by second-month VIX futures contracts. At the end of a roll period, all the weight applied to calculate that day's return is on the second-month contract which then becomes the first-month contract and the third-month contract becomes the second-month contract for the next roll period.
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Similarly, the S&P 500 VIX Mid-Term Futures Total Returns Index (SPVXMTR) uses a weighted average of fourth-, fifth-, sixth-and seventh-month VIX futures contracts to estimate the returns to a fully collateralized long position in a VIX futures contract expiring in five months. Every day the index rolls over some of the weight from the fourth-month contract into the seventh-month contract while keeping the weights on the fifth-month and sixth-month contracts constant. Like the SPVXSTR, the SPVXMTR includes interest accrual based on the 91-day US Treasury rate.
In addition to the short-term and medium-term total return indices, S&P publishes the S&P 500 VIX Short-Term Futures Index Excess Return, or SPVXSP, and the S&P 500 VIX 
BANK OF AMERICA'S PROPRIETARY INDEX AND STRUCTURED PRODUCTS
Bank of America describes its VOL Index as an investable benchmark "designed to measure the return of an investment in the forward implied volatility of the S&P 500 ® Index."
The VOL Index tracks the 3-month implied volatility of the S&P 500 index three and a half months forward, i.e. for the period from 3.5 months to 6.5 months in the future. 14 Citigroup's Citi Volatility Index Total Return ("CVOLT") Index is a more complicated combination of twice-leveraged third-month and fourth-month futures contracts and a short position in the S&P 500. The size of the short position is determined by regression analysis to maximize the correlation between the VIX and the CVOLT. Like the S&P Total Return VIX Futures Indexes, the CVOLT Index level includes interest accruing at the 91day Treasury bill rate. Citigroup calculated the CVOLT Index starting in October 2010 and backfilled the index to 2005. Citigroup issues C-Tracks 10-year ETNs linked to the CVOLT Index in November 2010, and increased its issuance in 2012, 2013, and 2014. In total Citigroup received gross proceeds of $132.6 million from issuing CVOLT ETNs. Deutsche Bank's ELVIS index measures the returns to a strategy of investing in forward starting 6-month variance swaps. There do not appear to be any retail structured products or ETNs linked solely to the ELVIS or ELVIS II indexes. Deutsche Bank issued several structured products linked to a basket of indexes, which included its ELVIS II Index as one basket component. The weights of the ELVIS II Index in the baskets was always 13% or less.
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Deng, McCann and Yan Structured Products and the Mischief of Self-Indexing The VOL Index is not calculated from VIX futures contracts like the S&P VIX Futures Indices but instead from four CBOE spot VIX calculations based on S&P 500 Index option contracts expiring in March, June, September, and December denoted as VXMAR, VXJUN, VXSEP, and VXDEC. The CBOE calculates VXMAR, VXJUN, VXSEP, and VXDEC in a similar manner to the VIX calculation although the CBOE's weighting of option prices of different expirations in its calculation of the VIX is unnecessary since VXMAR is based only on the prices of S&P options all expiring on the same day in March, VXJUN is based only on the prices of S&P options all expiring on the same day in June, and so on.
In general, a forward implied volatility between two dates in the future, t1 and t2 can be calculated as follows. values don't change much from one day to the next, the weight on FIV1 is steadily reduced to 0% and the weight on FIV2 is steadily increased to 100%. When the weight on FIV1 drops to 0% and the weight on FIV2 has increased to 100%, the old FIV2 becomes the new FIV1 with a weight of 100% and the old FIV3 becomes the new FIV2 with a weight of 0% and the rolling from FIV1 to FIV2 starts again.
The daily return of the synthetic portfolio equals the weighted change in the FIV1 and FIV2 values less the impact of an "Execution Factor". Setting aside the Execution Factor, the value of the synthetic portfolio is equivalent to investing $100 split between the two forward implied volatility contracts, FIV1 and FIV2, with weights rebalanced daily. For example, if the weights are 40% and 60% for FIV1 and FIV2, respectively, then $40 is invested in FIV1 and $60 is invested in FIV2. On the next day, the portfolio becomes more or less valuable depending on changes in the value of the $40 invested in FIV1 and the $60 invested in FIV2. At the end of each day, the synthetic portfolio is rebalanced to reflect the newly calculated portfolio weights which change because of the passage of time. In addition, because of daily changes in the relative value of FIV1 and FIV2 the number of units of FIV1 and FIV2 contracts which should be held to establish the desired portfolio weights changes daily.
Assume the hypothetical portfolio value increases from $100 to $105 because the spot VIX term structure has become steeper, and the updated FIV weights become 38% and 62%. In our example, if the increase in the portfolio value is solely due to an increase of the $40 invested in FIV1 to $45, with FIV2 unchanged, then $5.1 of FIV1 must be sold, and the proceeds used to purchase FIV2. The proceeds -$5.1 in our example -are subject to the Execution Factor, and the purchased FIV2 amount is reduced to $5.025, the ratio of the proceeds and the Execution Factor (i.e., $5.1/1.015). Thus at the end of the day, instead of the hypothetical portfolio being worth $105, it is only worth 104.925, equivalent to a seven basis point (0.07%) daily charge.
Because the Execution Factor is applied to hypothetical contracts purchased each day as part of the rebalancing, the daily cost fluctuates from zero in the vanishingly rare instances when no rebalancing occurs to significantly more than seven basis points when the rebalancing required exceeds the average daily rebalancing. While the impact of the Execution Factor on any individual day is variable and uncertain, the impact over the five-year term of Bank of America's structured products is fixed and certain. Every quarter the entire portfolio value is eventually transferred from the FIV1 contract to the FIV2 contract and the entire unencumbered index value is subjected to the Execution Factor four times a year. Thus, the Execution Factor embeds a phantom transaction cost of 6% per year into the construction of the VOL Index.
The daily return of the synthetic portfolio is multiplied by a 120% "Index Multiplier" and then increased by the 30-day Treasury-bill rate to determine the daily return of the VOL Index.
The Index Multiplier magnifies the impact of the Execution Factor by 20% so the trading costs Bank of America incorporates into the volatility index calculation is 7.20% per year.
The impact on investors of Bank of America deducting 7.2% daily from the unencumbered index through the Execution Factor and then 0.75% through the Index Fee is the same as deducting 7.9% at the structured product level from an index calculated without the embedded phantom trading costs. 15 To demonstrate that Bank of America was deducting 7.9%
per year from the levels implied by changes in forward implied volatility we assume that instead of applying an Execution Factor, Bank of America deducted a 7.2% annual index charge daily from the thus unencumbered VOL Index. We first calculate the daily return of the VOL Index without the Execution Factor, then reduce these daily returns by 7.2% divided by 252 days.
15 7.9% = 1 -(1-7.2%)*(1-0.75%). © Securities Litigation and Consulting Group, Inc.
In Figure 1 , we plot the impact of the Execution Factor against the impact of a 7.2%
annualized deduction from the index and draw a regression line through the data. The vertical axis measures the impact of the Execution Factor on the change in the VOL Index level over rolling 12 month windows. The horizontal axis measures the impact of alternatively applying a 7.2% annual charge daily on the change in the VOL Index level over the same rolling 12 month windows. The effective annual cost of the Execution Factor and the 7.2% fixed fee are highly correlated with an R-squared value 0.9995. The complex method by which the Execution Factor is included in the index calculation has no economic substance other than to add an additional 7.2% annual deduction from the unencumbered index at the structured product level. where Pi,j is the price of the i th -month VIX futures contract on day j. The weights w1,t and w2,t result in an approximate 60-day weighted maturity for the long futures positions and an approximate 30-day weighted maturity for the short position when included in the index. The daily gross return of the Strat Vol Index on day t, before any fees is calculated as 3. Gross Return t = 1 + Long Return t − ℓ t−1 × Short Return t , 4. Return(t) = GrossReturn(t) − RebAdjAmount(t) − 0.75%∆t
Reblancing Adjustment Amount(t) = Rebalancing Adjustment Factor × (Daily Rebalancing Percentage (t)+ Short Exposure Change)
where ℓ −1 denotes the short exposure determined at the end of the previous day. The short position is adjusted according to the shape of the VIX futures term structure. When the spot VIX is below a weighted average of the first-and second-month VIX futures prices on each of the 16 JP Morgan also published the Strategic Volatility Dynamic Index, which is similar to the Strat VOL Index but allocates weight to the third-, fourth-, fifth-and six-month contracts to center the long position at 4 months in the future and allocates weight to the second-and third-month contracts to center the short position at 2 months in the future. Our comment herein about the Strat Vol Index apply with only slight modifications to the JP Morgan's Strategic Volatility Dynamic Index.
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Deng, McCann and Yan Structured Products and the Mischief of Self-Indexing three immediately preceding business days (i.e., the VIX futures term structure is upward sloping), the short exposure is increased 20% per day, up to 100%, to compensate for the negative roll yield in the long position. When the spot VIX is above the weighted average of the first-and second-month VIX futures prices on each of the preceding three business days (i.e., the VIX futures term structure is downward sloping), the short exposure is decreased 20% per day, down to 0%.
Up to this point the calculation and interpretation of the Strat Vol Index is pretty straightforward. It is simply an estimate of the excess return to a long position in a rolling 2-month VIX futures contract, supplemented by the return to a short 1-month VIX futures contract when the VIX term structure is upward sloping.
JP Morgan could have calculated the Strat Vol Index based on the Gross Return above.

This is what Standard and Poor's does in calculating the various VIX Futures Excess Return
Indices before adding 91-day Treasury yields to calculate its VIX Futures Total Return Indices.
Barclays and other investment banks issued ETPs linked to S&P's VIX Futures Indices
deducting and disclosing any fees at the structured product level. In fact, the returns to the Strat Vol can be closely replicated using two low cost, listed VIX ETPs.
To illustrate, consider a strategy of buying Barclays mid-term VIX futures ETN, VXZ, and buying VelocityShares' inverse short-term VIX futures ETN, XIV, whenever the VIX futures term structure is upward sloping. We constructed a portfolio using the short exposure ℓ indicator from the Strat VOL calculation to determine the weight on XIV. Our portfolio of VXZ and VIX ETNs does not track the long exposure in JP Morgan's Strat VOL Index perfectly because VXZ is centered 4.5 months out on the VIX futures term structure while Strat Vol's long position is centered 2 months out on the term structure. Nonetheless, the dynamical trading strategy we set up gives a correlation of 0.91 from the index inception to June 2016. However, the annual cost on the ETNs, at 0.89% on VXZ and 1.35% on XIV, is significantly lower than the greater than 10% annual costs JP Morgan embedded in its Strat Vol Index.
Similar to Bank of America's application of the Execution Factor, JP Morgan clips the Strat Vol Index returns each day through the application of its Adjustment Factor and
Rebalancing Adjustment Amount. The Adjustment Factor is a 0.75% per annum fee applied daily. The Rebalancing Adjustment Amount is more complex but is never less than 4.8% per year and is almost always 9.6% per year. As we will see below, JP Morgan's "estimated value" for structured products linked to the Strat VOL Index notes is based on an index that only includes the first term, the Gross Return, and excluded to two daily deductions from the index. The Daily Rebalance Percentage on any calculation date, is the sum of the absolute value of changes in the weights on the three VIX future contracts, and the absolute changes of the short exposure, |ℓ −1 − ℓ |. For example, if we assume there is 20 days in the rebalancing period, then as the long position is rolled the weight on the third-month will increase daily by 5% and the weight on the second-month will decrease daily by 5%. The absolute change in the weight on each the third-month and the second-month contract is 5% for a total of 10%.
On days when the weight on the short position remains 0%, the Daily Rebalance Percentage will be 10%. On days when the weight on the short position remains 100%, the daily roll from the first-month contract to the second contract adds an additional 10% to the Daily The VIX futures term structure is typically upward sloping. Table 1 Table 1 . range from 10% to 58% multiplied by the Rebalancing Adjustment Factor, R in Table 2 . Using 0.2%, the lowest R, the Daily Rebalancing Amount is on average at least 0.038%, which is equivalent to an annual fee of 9.54% across 252 trading days. The Daily Rebalancing Amount imparts a minimum annualized deduction on the Strat Vol Index of 5%, even with the lowest R number, although it could be as high as 0.1% per day.
Back-testing the data from index inception to June 2016, we find that JP Morgan could replace annual deduction from the Strat Vol Index would have had the same impact on the index and therefore on investors as the convoluted application of the Daily Rebalancing Amount.
While Strat VOL Index is less complicated than VOL Index in that it is based on VIX futures contracts instead of differences in implied volatilities from index options, JP Morgan's incorporation of trading costs into the index calculation through an Adjustment Factor is more complicated and its impact more variable than Bank of America's Execution Factor.
In Figure 3 we plot the Strat Vol Index as published by JP Morgan and our replication of it assuming a 10.6% annual charge applied daily. We also plot the Strat Vol Index without the Daily Rebalancing Amount deductions and the value of a portfolio of long positions in VXZ and XIV which mimics the long and short exposure in the Strat Vol Index. 
VALUATION OF STRUCTURED PRODUCTS LINKED TO VOLATILITY INDEXES
Researchers have introduced several dynamic time models for simultaneously modeling the S&P 500 index's levels and instantaneous variances. 17 The models assume the stock prices follow a log-normal process and the instantaneous variances follow a mean reverting process, and those two processes are negatively correlated. Jump terms have been added to the stock prices or the variance levels to make them jumped based models.
We use the variance prediction model from Zhang, Shu, & Brenner (2010) .
S t is the index prices, following a geometric Brownian process. V t is the index's instantaneous variance and it follows a square root mean reverting process. The critical 17 For a few representative examples, see Lin (2007) , Lin and Chang (2009, 2010) , Zhu and Lian (2012) and Zhang, Shu and Brenner, (2010) . parameters for the variance model are the mean reverting speed parameter, κ, the long term mean level for the variance, θ t , and the volatility of variance σ V . All the parameters are calibrated with observed VIX futures prices. κ , σ V and a uniform long term mean θ can be calibrated with historical VIX futures price data from 2004 because they are regarded as time independent. θ t is assumed to be varying over time and it is calibrated to the VIX futures price on day t to better reflect the term structure of the futures prices on day t.
We use the parameter values κ = 2.4208 and σ V = 0.1425 calibrated using VIX futures from 2004 -2008 , as presented in Zhang, Shu, & Brenner (2010 . A compressive comparison of parameter calibrations across different volatility models can be found in Zhu & Lian (2012) . The VIX level on day t is used to calculate the non-observable instantaneous variance, . We calibrate the long term variance mean θ t in our model to the VIX futures data on the trade date of each note. Once it is calibrated, our model assumes the long term mean changes with a standard deviation of = 0.005.Then the simulated future variance can be used to predict the implied volatility levels for options that are part of the index components. With all the parameters calibrated to the market, we simulate the daily instantaneous variances for the next several years to cover the term of the investment. The four computed spot volatility indexes are a function of daily instantaneous variances and the long term variance mean θ t viewed on the same day.
18 18 The expected functional form for spot volatilities or forward volatilities futures are given in (Zhang, et al., 2010 The simulated volatility levels are used to calculate projected future index, as well as the maturity payoff of the structured investment. The fair market value of the structured product is the average maturity payoff determined from the change in the simulated index less the any upfront charge and annual cost, discounted by the appropriate risk-free rate plus issuer's CDS rate.
BANK OF AMERICA'S VOL-LINKED STRUCTURED PRODUCTS
Bank of America issued nine 5-year structured products linked to the VOL Index between The structured products' maturity payoffs reflected changes in the VOL Index from when each structured note was issued to when each matured reduced by the 0.75% per annum Index Adjustment Factor, further reduced by a 2% sale charge. Effectively, investors at maturity receive 94.4% of the $10 structured note purchase price increased or decreased by the percentage change in the VOL index over the term of the note.
We estimate the fair market values of the Strategic Return Notes linked to Bank of America's VOL Index ranged from 55 -61% at the time of issuance, largely due to the impact of the Execution Factor. Adding back into the VOL Index the impact of 5 years' application of the Execution Factor and recalculating the issue date Fair Market Value increases the average value from 58% to 87% -still low but not out of the range of observed values on structured products with five year terms. The Bank of America VOL-linked structured products were issued before the SEC began requiring issue date fair value disclosures and so it was virtually impossible for investors to know that Bank of America's structured products were worth approximately 30% less than alternatives from Barclays, VelocityShares, UBS, and ProShares.
JP MORGAN'S STRAT VOL-LINKED STRUCTURED PRODUCTS
JP Morgan first issued structured products linked to its proprietary Strat VOL Index and Strategic Volatility Dynamic Index in July 2011, and continued to issue those structured products in 2012, 2013, and 2014. JP Morgan issued at least 76 structured products that are linked to the Strategic Volatility Index from 2011 to 2014. The total issue size of the structured products is over $253 million.
20 Table 3 lists the issue size and fair market value of the 10 largest JP Morgan structured products linked to the Strat Vol and the remaining 66 issues size and fair market value in the aggregate. 
CONCLUSION
In structured products' early days, issuers issued, underwriters underwrote and index providers provided indexes. In the 1990s investment banks began issuing debt which looked a lot like the convertible debt they had previously underwritten for operating companies. This allowed for a proliferation of structured products but also created additional conflicts of interest as the underwriter/issuer was not held to account for securities losses as operating companies who issued convertible debt to investors were held to account for losses on the securities they issued.
The evolution of structured products continued with ever more complex structures tied to stocks, indexes, commodities and baskets and then with proprietary indices including the two VIX derived indices discussed herein. When brokerage firms include hypothetical trading costs in their proprietary indices -costs that are absent from third-party indices -they make comparison of disclosed costs at the structured product level uninformative. Even when issuers are required to report issue date values, those values are uninformative if the issuer can value a structured product based on an index that includes significant hypothetical costs but assume for purposes of calculating an estimated value that the index was going to be calculated with no trading costs thereby significantly inflating the value of the structured product. This mischief would not be possible if issuers linked to indexes provided by third-party vendors who had no interest in the payoffs from structured products linked to their indexes.
